SIO 214a Introduction to Fluids Problem Set 4
Due Monday, 22 October 2007

1. Consider the flow of mud down a plane that is inclined by agleai from the horizontal. First
we solve the simpler problem of the flow of fluid down the plathen we modify the stress-rate of
strain relationship for mud. Use a coordinate system wheseghe coordinate parallel to the plane,
increases away from the surface of the plate, where it is Zasume that the flow is two-dimensional,
so there are no changesgnFurther assume that the plane is very long, so that nothiagges in,
that iso/0xz = 0. The layer will have constant thickne#s. The viscosity of the air above = H
is taken to be zero. Finally, assume that the flow is steadyt &ith the continuity and momentum
equations for a deformable medium:
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Remember that in the indicial notation, a repeated indedi@gggummation, so that the first equation
is shorthand for
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g; is the component of gravity in thigh direction

¢ With the assumptions given above, show thatt@mponent of the momentum equation re-

duces to: 5
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wherer will be used to denote the only non-zero component of sheassst,... Integrate this

equation with a boundary condition at= H to find 7(z).

e If the flowing medium is fluid, = pdu/0z. Write appropriate boundary conditions arat
z =0, and findu(z).

e An idealized model of the mud is that 1f is less than a critical value., it remains solid
(Ou/0z = 0), otherwiser = 7. + pdu/0z. This means that the shear stress has to exceed
the constant value. before the mud starts to flow. The momentum equation 4 remains
changed. In this case, show that the angle the plane makesh&ihorizontal has to be at least
. = arcsin [7./(pgH )] before the mud flows.

e If 6 > 6., the solution can be found in two different regions, theeagxtending fromx = 0 to
z = h < H, wherer > 7., and the regiork < z < H wherer < 7.. Findh/H in terms off
andd.. Use equation 4 to get an expression#as the lower layer, then evaluate the (constant)
velocity w = U in the upper layer. To find in the lower layer, you will need to come up with a
boundary condition at = h.

2. A steady two-dimensional viscous flow with viscositys given by the streamfunction

Y = Azxy

whereu = 0y /0y andv = —0 /0.



e Sketch the streamlines (fat > 0) in thex, y plane. Include arrows to show the direction of the
flow on each streamline.

¢ Neglecting gravity, the momentum equation is:
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whereu; = u,v andz; = x, y. Integrate this equation to obtain a relationship betweengure,
A, xand y. Assume that = pg atz = y = 0.

e If the line z = 0 represents a solid wall, could the streamfunction reptegenflow near
x =y = 0? Explain briefly.

3. Consider ther and y-components of the momentum equation for the two-dimeiasifiow of an
incompressible, inviscid fluid. Combine the equations ichsa way as to eliminate the pressure term

and, using the conservation of mass equation, show that
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wherew represents the vorticity
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What can you conclude about the vorticity of a fluid elemertuoh a flow?

4. A wide moving belt rises out of a container, drawing fluidcohstant density and viscosity with
it. The flow is steady and the belt moves upward with velogity Viscous forces result in the belt
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carrying up a thin film of fluid, of thicknesk. You may assume that the belt is quite long, so that
variables are independent afand that the pressure just outside the fluid layer is constdme shear
stress in the fluid at the air-fluid interface is zero.



e Show that thee-component of the momentum equation reduces to
0= —pg+p2s
= —p9g /’Lamz

what are the other two components? what are the boundarytiomsdonw?
¢ Find the velocityw as a function ot.
e Find the average film velocity.



